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Abstract 
We shall give very natural and numerical real inversion formulas of the Laplace transform for the general data following the 
ideas of best approximations, generalized inverses, the Tikhonov regularization and the theory of reproducing kernels. However, 
the new method in this paper for the real inversion formulas of the Laplace transform is based essentially on a Fredholm integral 
equation of the second kind. These real inversion formulas may be expected to be practical to calculate the inverses of the 
Laplace transform by computers when the real data contain noises or errors. We shall illustrate examples, by using computers. 
© 2009 Published by Elsevier Ltd. 
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1. Introduction 
    We shall give a very natural and numerical real inversion formula of the Laplace transform 
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for function F of some natural function space. This integral transform is, of course, very fundamental in 
mathematical science. The inversion of the Laplace transform is, in general, given by a complex form, however, we 
are interested in and are requested to obtain its real inversion in many practical problems. However, the real 
inversion will be very involved and one might think that its real inversion will be essentially involved, because we 
must catch "analyticity" from the real or discrete data. Note that the image functions of the Laplace transform are 
analytic on some half complex plane. For complexity of the real inversion formula of the Laplace transform, we 
recall, for example, the following formulas: 
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 (Post., 1939; Widder., 1934; Widder., 1972), and 
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(Widder., 1934; Widder., 1972). Furthermore, see (Abdulaziz., 1997; Abdulaziz., 1998; Abdulaziz et al.,2001; 
Amou et al., 1999; Amou et al., 2000; Boumenir et al., 1998; Byun., 1993; Kryzhniy., 2003; Kryzhniy., 2006; 
Saitoh., 2003a; Saitoh., 2003b; Saitoh et al., 2001; Fujiwara et al., 2008; Matsuura et al., 2007a; Yamada et al., 
Matsuura et al., 2007b; Matsuura et al., 2009b; Fujiwara et al., 2009) and the recent related articles (Kryzhniy., 
2003; Kryzhniy., 2006). The problem may be related to analytic extension problems, see (Kryzhniy., 2003; 
Kryzhniy., 2006).  
    In this paper, we shall give new type and very natural real inversion formulas from the viewpoints of best 
approximations, generalized inverses and the Tikhonov regularization by combining these fundamental ideas and 
methods by means of the theory of reproducing kernels. However, in this paper we shall propose a new method for 
the real inversion formulas of the Laplace transform based essentially on a Fredholm integral equation of the second 
kind. We may think that these real inversion formulas are practical and natural. We can give good error estimates in 
our inversion formulas. Furthermore, we shall illustrate examples, by using computers. 
2. Background general theorem 
    Let  be an arbitrary set, and let E KH  be a reproducing kernel Hilbert space (RKHS) admitting the reproducing 
kernel  on . For any Hilbert space  we consider a bounded linear operator  from ( , )K p q E 㪟 L KH  into . We 
are generally interesting in the best approximate problem 
㪟
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Kf H
Lf dý ý㪟
for a vector d  in . However, when there exits, this extremal problem is involved in the both senses of the 
existence of the extremal functions in (4) and their representations. See (Saitoh., 1997) for the details. So, we shall 
consider its Tikhonov regularization. 
㪟
    We set, for any fixed positive  0D !  
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 where  denotes the adjoint operator of . Then, by introducing the inner product *L L
                                                                                            ( ; )( , ) ( , ) ( , ) ,K KH L Hf g f g LfD LgD  㪟                  (6) 
we shall construct the Hilbert space ( ; )KH L D  comprising functions of KH . This space, of course, admits a 
reproducing kernel. Furthermore, we obtain, directly 
Proposition 1  (Saitoh., 2003b)  The extremal function , ( )f pDd  in the Tikhonov regularization 
                                                                                                                2inf { }
K
K
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exists uniquely and it is represented in terms of the kernel ( , ; )LK p q D  as follows: 
                                                                                                              , ( ) , (·, ; )Lf p LK pD D d d 㪟                     (8) 
where the kernel ( , ; )LK p q D  is the reproducing kernel for the Hilbert space ( ; )KH L D  and it is determined as 
the unique solution ( , ; )LK p q D  of  the equation: 
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with  for q(·, ; )q KK K q HD   E ,and  for (·, )p KK K p H  p E . 
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3. A natural situation for real inversion formulas 
In order to apply the general theory in Section 2 to the real inversion formula of the Lapace transform, we shall 
recall the "natural situation" based on the articles (Matsuura et al., 2009a; Saitoh., 2003a).. 
We shall introduce the simple reproducing kernel Hilbert space (RKHS) KH  comprised of absolutely continuous 
functions  on the positive real line  with finite norms F R
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and satisfying . This Hilbert space admits the reproducing kernel (0) 0F  ( , )K t t c  
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 (Engle., 2000,  pages 55-56). Then we see that 
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that is, the linear operator (on KH )  ( ) into ( )F p p㪣 2 2( , ) ( )L dp L
  R R  is bounded (Saitoh., 2003a). For 
the reproducing kernel Hilbert spaces KH  satisfying (12), we can find some general spaces (Saitoh., 2003a). 
Therefore, from the general theory in Section 2, we obtain 
Proposition 2  (Saitoh., 2003b) For any 2 (g L )
 R  and for any 0D ! , the best approximation *,gFD  in the 
sense 
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exists uniquely and we obtain the representation 
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Here,   is determined by the functional equation (·, )K tD
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for  and  
,
(·, )
t
K K tDD c c (·, )tK K t . 
4. New algorithm 
We shall look for the approximate inversion  by using (14). For this purpose, we take the Laplace 
transform of (15) in t  and change the variables  and t
*
, ( )gF tD
t c  as in 
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Therefore, by setting ( (·, ))( ) ( ,K t H tD [ [ [ 㪣 , which is needed in (14), we obtain the Fredholm integral 
equation of the second type 
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5. Inverses for more general functions 
     By a suitable transform, our inversion formula in Proposition 2 is applicable for more general functions as 
follows: 
We assume that F satisfies the properties (P):  
     (P) 
1 1[0, ), ( ) ( ), 0
2
tF C F t o e kD Dc f      , 1( ) ( ), 0 .
2
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Then, the function    belongs to ( ) { ( ) (0) (0)} ktG t F t F tF ec    KH . Then,  
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Therefore, if we know  and , then from  (0)F (0)F c ( ) ( )( )g p G p 㪣  by Proposition 2, we obtain  and so, 
from the identity , we have the inverse  from the data  and 
 through the above procedures. 
( )G t
( ) ( ) (0) (0)ktF t G t e F tF c   ( )F t ( ), (0)f p F
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6. Numerical Experiments 
We show calculation procedure briefly. For fixed t , we calculate the integral (20) over [0, 80] with span 0.01 by 
the trapezoidal rule. Here we solve the linear simultaneous linear equations of 8000 by using Matlab. For t  we take 
the values over [0,5] with span 0.01. By (14), we calculate the inversion by the trapezoidal rule over [0, 50] with the 
span 0.01. 
We shall give some numerical experiments for the typical examples. 
 
Example 1     We consider the function 
                                                                            0
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whose Laplace transform is 
                                                                              ( 1)0 2
1( )( ) 1 ( 2)
( 1)
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We set 0( ) ( )( )g F[ [ [ 㪣   in (14) with ( (·, ))( ) ( ,K t H tD )D[ [ [ 㪣 ,  then can we obtain   
for a small 
*
, 0( ) ~ ( )gF t F tD
D ?  Figure 1 shows numerical real inversion for 110D  , 410  , 810 and  respectively. In this 
example the original function 
1210
0 ( )F t  belongs to KH , and 
1210D   gives good approximations. 
 
 
Tsutomu Matsuura and Saburou Saitoh / Procedia Social and Behavioral Sciences 2 (2010) 111–119 115
Example 2    We consider the step function 
 
                                                                                                            0
0, 0 1
( )
1, 1
t
F t
t
 ­ ® ¯                            (24) 
whose Laplace transform is 
                                                                                                           0
1( )( ) exp( )F p
p
 㪣 p                     
(25) 
Figure 2 shows numerical real inversion. Figure 2 (a) are the case for 410D   , 810 and . Figure 2 (b) are 
the case for , . In this example the original function 
1210
10010D  40010D  0 ( )F t  does not belong to KH , so from 
Figure 2 (a) we can not obtain good approximations. But if we choose smaller D as in Figure 2 (b), we can get good 
approximations. In these calculations high-accurate numerical computation is required. So we use Multiple-
Precision Arithmetic developed by Dr. Hiroshi Fujiwara in Kyoto University. 
 
Example 3    We consider the step function 
                                                                        0
1 31, ;
( ) [1/ 2,3 / 2] 2 3
0,
t
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otherwise
F
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                       (26) 
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Figure 3 is numerical results for ,  and 410D  810 1210 , and Figure 3 (b) is those of  and . 
We remark that 
10010D  10010
0 ( )F t does not belong to KH same as the above example and the Figure 3 (a) does not give good 
approximation. But from the Figure 3 (b) we can see good results. In this case also we calculate with the help of 
Multiple-Precision Arithmetic. 
 
Example 4    We set the original function 0 ( )F t  is a step function as the characteristic function of 
1 3 5
[ ,1] [ , ] [3, ]
2 2 2 2
  7 . Figure 4 (a) is numerical results for 410D  , 810  and 1210  and Figure 4 (b) is those 
of  and . In this case high-accurate numerical computation is required to choose small 
regularization parameters 
10010D  40010 D and to reduce computational errors. 
 
Example 5   Finally we consider 
                                                                                                                 0( )( ) exp( ),F p p 㪣                            (28) 
which is the Laplace transform of the Dirac's delta 1tG   in the distribution sense. Our scheme produce Figure 5 (a) 
for ,  and 410D  810 1210 and Figure 5 (b) for  and . We remark that the scales of the 
vertical axis are quite different in Figure 5 (a) and Figure 5 (b). We can realize effective numerical real inversion 
10010D  40010
by high-accurate numerical computation technique and small regularization parameters. 
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Figure 1   Numerical real inversion result for the continuous function. 
Figure 2   Numerical real inversion result for the step function. 
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Figure 3   Numerical real inversion result for the characteristic function (simple case). 
Figure 4   Numerical real inversion result for the characteristic function (complicated case). 
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Figure 5   Numerical real inversion result for the Dirac delta.  
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